Abstract-Ideally, one would design a manipulator to be as rigid as possible. However there may be some occasions when the manipulator will be flexible. This will occur when the manipulator is very long and lightweight.
I. INTRODUCTION
H ISTORICALLY, mechanisms have achieved quickness and accuracy through structural rigidity. Given a volume of material, one can shape the members wisely to increase stiffness. Ultimately rigidity comes by adding mass in wise locations. This increases the weight and inertia of the mechanism that demands higher power for operation at a given speed. There is sometimes a desire to limit the volume of material used in the device. For example, in terrestrial applications high speed motion with reasonably sized motors requires a reduced mass. Another example is in space applications where one must put the mass into orbit. However, reducing mass results in flexible members that can vibrate during operation. The literature points out that this vibration can arise in the joint transmissions [1] or in the links themselves [2] . This paper addresses only compliant link manipulators.
Some effort has been placed on attempting to compensate for the vibration through design. Essentially these are attempts to design the mechanism so that it achieves the desired motion in spite of the fact that it vibrates. This type of solution would be most effective for mechanisms performing constant repetitive tasks like a pump. Although it has been used some, planning for vibration seems to be less effective for general purpose machines like robots. The primary shortcoming of this method is the need to know the desired motion a priori.
Another solution applied mostly to general purpose machines like robots is "input shaping." In this technique, input motion commands sent to the manipulator are modified (filtered for example) to reduce the generation of vibration. For example, it is obvious that sudden starts and/or stops in the motion will induce vibration therefore these are avoided. A trivial example of input shaping is when the speed of motion is held low to prevent vibration from becoming excited. This technique is used, to a large extent, on NASA's Shuttle Remote Manipulator System. 1 One problem with input shaping techniques is that they do not accommodate vibrations induced by external events or loads.
Rather than predicting or preventing vibrations, other methods react by damping vibrations that have already developed. Because there is little inherent damping in common structural materials, vibrations decay slowly. Therefore, both active [3] - [5] and passive [6] , [7] methods have been developed to remove vibration energy.
Passive damping uses energy dissipating devices and is often much simpler than active methods. To achieve sufficient passive damping, one must 1) have a transducer capable of removing significant mechanical energy; 2) mount it so the vibration produces significant strain in the transducer. Passive damping is guaranteed to be stable, but has often been only marginally effective.
Active control can be complex in terms of modeling, control design, and implementation. The systems that need damping are nonlinear, high order, and nonminimum phase. The systems usually require feedback from all joints in the system and this complicates its implementation. Many controllers for flexible systems lack robustness and can become unstable if 1 There are many reasons why NASA operates the SRMS at low speed. Certainly one involves vibration but perhaps the dominate reason is to avoid life threatening catastrophic mistakes or accidents.
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Some recent research utilizes a linear control input which is a continuous, function of the dynamic state of the manipulator. These experiments have been conducted on a manipulator with a single flexible link [8] , [9] - [11] . The dynamic state of the link is the sum of rigid body motion, which is directly measured, and vibrational motion, which is often estimated. Control of a single flexible link requires a high degree of accuracy in modeling manipulator dynamics and vibration estimation [11] .
Introduction of multiple links compounds the difficulties in dynamic modeling and vibration estimation. Furthermore, the links are dynamically coupled such that the position of the outer links significantly affect the vibrational modes of the inner links. This coupling can be significant enough that control becomes difficult.
Asada [12] , Yang [13] , Youcef-Toumi [14] , and Park [15] proposed design rules for building rigid robot manipulators with a higher dynamic performance. The design guidelines demonstrate how to build rigid manipulators with decoupled, and/or position invariant dynamics. This paper discusses the possibility for the flexible manipulator's design to affect the dynamic coupling. In turn, this possibility provides the potential for choosing a design through which the dynamic coupling is eliminated completely.
If decoupling can be achieved, it may become possible to control multi-link manipulators with techniques applicable to single flexible link mechanisms. The control problem is still significant but much less difficult than the control of multi-link mechanisms.
A common factor with the previous work on design rules is that they apply only to rigid manipulators. This paper discusses design rules for flexible manipulators. The paper first defines the structural dynamic problem of conventional flexible robot manipulators. Then we discuss a method for designing a flexible manipulator with a simpler dynamic response. Finally, we compute and experimentally verify the variation in eigenvalues caused by manipulator position changes in the new design.
II. EQUATIONS OF MOTION OF CONVENTIONAL 2-LINK FLEXIBLE ROBOTS
Consider the dynamic behavior of the two link planar manipulator with a flexible inner link and a rigid outer link that Fig. 1 shows. The inner link is numbered 1, the outer link is 2. The length of the inner and outer links are and respectively. Let both the inner and outer links have their mass lumped at the link's end. The motor for the outer link and the payload are lumped with the link masses forming (mass on the end of the inner link) and (mass on the end of the outer link). The flexible inner link deforms like a BernoulliEuler beam. The vibration of the first link is assumed to have three degrees of freedom. An axial deformation is represented with . A transverse deflection is given with and a flexible rotation of the end mass is given with . Note that when changes the entire rigid outer link rotates. The angle is the rigid motor position of the outer link relative to . The By differentiating these the Kinetic energy can be determined. These terms will include the mass moments of inertia of each mass about their centroids. These inertias will be called and .
The potential energy can be found by determining the strain energy generated by displacements , and . For example, the beam loading is a superposition of an axial load, a transverse load and a pure moment all applied at the free end of the beam. The axial load is independent of the other loads and is uniform along the beam therefore its strain energy is by definition
The values and are Young's modulus and link cross sectional area. To determine the energies due to bending start with an expression for the bending moment at a position from the base in terms of an applied transverse load and a moment Next use some elementary beam formulas [16] to express the beam's displacement and slope at the free end in terms of applied loads. Solve these for and and substitute into the expression for moment
The is area moment of inertia. By definition the strain energy is the following integral:
By adding the strain energies we arrive at the potential energy for the beam
Pe
The stiffness terms are:
and . According to Lagrangian mechanics, the equations of motion describing the vibration of the system are (note that the mass and stiffness matrices are symmetric)
The terms are nonlinear components composed of Coriolis and centrifugal type terms.
A dimensional analysis was performed to write the equations in nondimensional form. Define mass ratio length ratio stiffness ratio and inertia ratio Using these definitions we can write linear part (small angle ) of the original equations as
If one ignores then frequencies can be determined exclusively in terms of the nondimensional terms. All results will be the nondimensional quantities unless otherwise stated. The eigenvalues of the system are functions of mass, length, stiffness, and inertia ratios, and relative position . 2 The eigenvectors are also functions of these ratios and . The idea is that if the eigensystem changes significantly, it may be necessary to use a complicated controller to damp vibrations. Consider the conditions that guarantee constant eigenvalues. Once the robot is designed, the mass, length, stiffness, and inertia ratios are given. Provided the payload remains constant, these ratios are constant. If the payload changes at discrete times, it might be possible to think of the system as a "set" of manipulators each with a different payload. Each of these manipulators however will still have a variable eigensystem because of its dependence on . This behavior is illustrated in Fig. 2 that shows the first frequency of the conventional design versus relative position for parameter values of , and , and . Fig. 1 shows the vibrational motion of the conventional flexible robot. The figure shows that when the inner link vibrates, the outer link both translates and rotates. It is this rotational motion that causes the position dependent frequencies. An easy way to understand this is to compute the "equivalent" inertia of the outer link, a concept frequently used in Lagrangian mechanics. It is this concept that leads to the new design.
III. THE NEW DESIGN
To see how to achieve the desirable behavior one can define a linkage as a general constraint mechanism. For example, suppose the manipulator is an open chain constructed of joints. Consider the motion of the body down the chain. Let the motion of body relative to body be specified via a number of coordinates such as (motor or joint position), (motor or joint velocity), and flexible velocity coordinates . If we assume are zero at the nominal rigid position and the linkage itself is massless then we can express the kinetic energy and potential energy introduced by linkage in terms of and . Using a Lagrangian principle, we can express the dynamic equations in very general terms.
A complete investigation of the general equations is the subject of future work but one simple solution to them suggests designing a manipulator such that flexible vibration of link produces pure translation of mass . One way to accomplish this is to build the flexible inner link as a parallel four-bar linkage (a PFBL). It is this solution that will be investigated in the remainder of this paper. Fig. 3 shows the new design. In an ideal case, vibration of the inner link causes both sides of the PFBL to deform the same magnitude and direction causing the outer link to translate. In actuality the sides will elongate or shorten slightly causing some rotation. How much axial deformation is present determines the effectiveness of the design. The remainder of the paper discusses how close to ideal a real PFBL must behave to achieve the desired response.
A. Model of the PFBL
The PFBL link is constructed like a parallel four-bar linkage. The distance between the two flexible links measured at the base (joint assembly 1; see Fig. 3 ) is the same as the dimension at joint assembly 2. The rocker and the follower (side beams) are elastic and have equal length. Unlike a typical four-bar linkage, the side beams are clamped (fixed), not pinned, at the joint assembly 1 of the PFBL link. The side beams are connected via pin joints to a short rigid coupler at joint assembly 2. As in the conventional manipulator, the mass of the PFBL link is lumped at the coupler. The PFBL model has the same three degrees of freedom at joint assembly 2 as did the conventional. 1) Coupler motion transverse to the side beams measured with . This is caused by common mode beam-like deformation of the side beams. 2) Coupler motion compressing the side beams measured by . This is caused by common mode axial deformation of the side beams. 3) An undesirable rotation of the coupler measured by . This is partially caused by uneven deformation of the side beams. Rotation might also result from nonparallel side beams. Nonparallel side beams might result from manufacturing tolerances or errors. The former cause of rotation is discussed in the model results, the later is discussed in a later section.
The position, velocity and hence kinetic energy in the PFBL are exactly the same as the conventional manipulator so they will not be repeated.
To compute the potential energy due to axial deformation, use a formula similar to the conventional manipulator. The only difference is the angle contributes to the deformation. In one beam adds to and in the other beam it subtracts as shown at the bottom of this page.
The bending deformation is caused exclusively by the displacement therefore it is much easier to find the strain energy The 2 in front of the integral is due to the fact that there are two beams bending.
According to Lagrangian mechanics, the equations of motion of the system are (remember the mass and stiffness matrices are symmetric) (3) Notice that the mass matrix is the same as the conventional manipulator but the stiffness differs. There are solutions to the general equations that modify the inertia matrix but they are the subject of future work. It would not be a fair comparison to match the PFBL against the conventional if both use the same values of and in their formula. For example, using the same in the PFBL would mean it has twice the material as the conventional and one might expect it to perform better simply because of this fact. To make a more reasonable comparison, the value of and used in the PFBL will be half of the values used in the conventional. In essence we are saying that the PFBL gets to use two beams by splitting the single conventional one in half.
Again, we write the equations in nondimensional form. First introduce the aspect ratio Also notice that since the PFBL links have half the area moment of inertia as the conventional link, the value of for the PFBL will be half of the value for the conventional. Let represent the value of used in the analysis of the conventional manipulator. The equations of motion can be The results given for the PFBL will ignore the term . In this way the results shown for the PFBL will scale exactly the same as the results shown for the conventional manipulator. Fig. 4 shows the first frequency of the PFBL versus relative position for parameter values of , and , and . Table I summarizes the results by showing the percent changes in frequency for the PFBL and conventional designs. The way the design works is that the stiffness corresponding to angle is related to the axial stiffness of the side beams in the new design compared to the transverse stiffness of the conventional design. This increased stiffness means the magnitude of vibration in should be small which means the inertia terms corresponding to ought to be negligible. What the remainder of this paper investigates is whether the assumptions made are realistic such that a real system will exhibit the desired behavior and then to investigate the limitations of the design concept.
IV. EXPERIMENTAL RESULTS
To demonstrate that a real system will behave in the desired manner, an experiment was performed. A single aluminum PFBL (shown in Fig. 5 ) was constructed with an aspect ratio of approximately 0.062. The side beams were approximately 0.897 (m) long.
The experiment was performed by mounting a rigid bar on the end of the flexible arm. By placing the bar in four different TABLE II  END-MASS MOMENTS OF INERTIA FOR DIFFERENT CONFIGURATIONS orientations, the changing inertia caused by a changing can be simulated. Using the same rigid beam for the four configurations maintained a constant end-mass while varying the mass-moment of inertia about the flexible arm's tip. Fig. 6 summarizes the different end-mass mounting configurations. The moments of inertia for the rigid bar in the four difference configurations are shown in Table II . The end-mass was 0.473 (kg) and 0.33 (m) long with a 0.015 (m) diameter.
A dc-response accelerometer mounted on the tip of the PFBL, a digital oscilloscope, and microcomputer were used to collect data. The robot tip was excited in a way that emphasized fundamental frequency motion. To reduce noise and high-frequency oscillation during data collection, the accelerometer had an estimated cut-off frequency of approximately 1 (Hz).
A digital fourier transform was used to compute the natural frequencies. Results of the measurements appear in Table III . The table shows that the natural frequencies are independent of the outer link orientation.
V. LIMITATIONS OF THE NEW DESIGN
A desirable response for a PFBL are specified by 1) large first natural frequency . This is because we do not want the PFBL to sacrifice rigidity; 2) position invariant first natural frequency. If we allow to be the relative position between the inner and outer links (just as in the conventional manipulator), then position variation is defined as
For a good design VR ; 3) large separation between the first two natural frequencies. This allows the second (and higher) vibration mode(s) to be ignorable. This separation will be denoted and (6) where is the 'th lowest natural frequency. In the following, we will investigate the effect system parameters have on these measures.
In addition to the previous, we need to consider the effect of nonparallelism. Although the manipulator is designed to be a PFBL, manufacturing tolerances when it is constructed may cause undesired behavior. Therefore the PFBL's performance when it is slightly misaligned or nonparallel was investigated. The nonparallelism of the PFBL is quantified by factor defined as a fraction of coupler width. Fig. 7 defines the terms used to compute . The main effect of a nonzero is it introduces a rotation of the outer link. Fig. 7 also shows the rotation caused by vibration and a nonzero . Without much trouble, the value can be computed via (7) Equation (7) indicates that the transmitted angle caused by oscillation of the inner link is probably negligible because will typically be a very small number.
A. Parameter Sweep Analysis
The performance of a PFBL was investigated by determining the lowest natural frequency, the frequency variation VR [see (5)] and the frequency separation [see (6) ] for a variety of parameters. The range of parameters was selected to be realistic values. The system parameters used in the investigation are shown in Table IV .
The mass ratio range is consistent with "payload ratios" used in previous research [17] . The payload ratio is the payload weight divided by the weight of the moving structures of a robot manipulator. For an industrial rigid robot manipulator, the payload ratio varies from to [18] . Since the PFBL is supposed to be a lightweight robot, we increased the range of the ratio.
In a typical robot manipulator design, the length ratio is often close to but less than one. A length ratio range from 0 to 1.5 will definitely cover all reasonable applications.
The inertia ratio, , is proportional to the length ratio and the mass ratio. For example, in a slender rod, the mass moment of inertia is . In our case, we let the inertia ratio be . A complete discussion of the parameter sweep results can be found elsewhere [19] , here we will concentrate on a "worst case" situation. The "worst case" are parameter values from Table IV that cause the greatest VR. It is possible to define this worst case because the effect of these parameters is monotonic.
B. Design Results
What remains in our design is to determine the effect of the aspect and stiffness ratios for the PFBL manipulator. It can be shown that at small aspect ratios, the lowest frequency is approximately proportional to the aspect ratio. At zero aspect ratio, the lowest frequency is zero. The frequency quickly rises to a constant value at an aspect ratio of approximately 0.017 and stiffness ratio , and . The constant frequency at first seems unusual but it results from the fact that the transverse motion is not a function of the aspect ratio. This is understandable since the transverse "rocking" motion of the PFBL really has no concern for the width of the link. Also, you can see this in the mathematics. Consider the equations of motion for the PFBL [see (3) ] where you can see the constant eigenvalue without much effort. It can also be shown that for the parameters given, the lowest natural frequency of the PFBL exceeds the conventional lowest frequency with . This is a result of the constraining action performed by the coupler link. This means that as long as we have a reasonable aspect ratio, we need not worry about the first of our three performance criteria. The PFBL is nearly as rigid as the conventional. Now consider the remaining two performance requirements, that is low VR and high . Consider a PFBL manipulator with , and . It can be shown that for the parameter values given, the separation between the first two frequencies monotonically increases for aspect ratios above about 0.04. We determined that separation is greater than 100 for . Similarly if VR , then the required aspect ratio is . The eigenvector provides information about which degree of freedom is moving at a particular vibration frequency. Although they are not shown here, it is possible to compute and plot the eigenvectors. By computing the eigenvectors associated with manipulator parameters , and , we determined that virtually all the motion at the lowest frequency is transverse rocking when the and as much as 94% of the motion is transverse rocking when .
VI. CONCLUSION
It is possible to design a two link flexible manipulator that 1) has a nearly position invariant first natural frequency; 2) has a large separation between the first two natural frequencies; 3) and is nearly as rigid as conventional designs. Results show that realistically sized manipulators can be constructed with the new principles. Previous work on rigid manipulators have designed the mass distribution to achieve position invariance in manipulator dynamics. This is the first work to discuss the possibility of designing the flexible behavior and to use a stiffness distribution to achieve the objective. Results for a specific example demonstrate how to select parameter values to achieve a desired behavior. Experimental results demonstrated the validity of the concept and the modeling.
For future work it is left to prove that if a manipulator has a simple intrinsic behavior, it will be easier to damp vibration with a controller. The study should consider the control complexity and robustness and determine the effect of interactions between control errors in damping vibration. This paper establishes the idea that the open loop behavior of a flexible manipulator can be designed to be significantly different than conventional systems. Although the system configuration discussed here is simple, the concept can be extended to complex systems. The paper discussed how to derive the governing equations, their solution is the subject of future work.
